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1  |  INTRODUC TION

Peripheral arterial disease (PAD) is an atherosclerotic pathology that 
affects approximately 8–12 million individuals in the United States1 
and is characterized by either full or partial occlusion of an artery in 
the peripheral circulation. Occlusion of an artery prevents sufficient 
blood flow from reaching dependent tissue regions supplied by the 
artery, which can physically manifest as intermittent claudication 

or critical limb ischemia.2 These symptoms can lead to increased 
mortality or a diminished quality of life if PAD is not diagnosed and 
treated effectively.1 While surgery is the primary treatment for PAD, 
less invasive PAD treatments are needed. Developing less invasive 
treatment methods requires a thorough understanding of the ef-
fects of arterial occlusion on the surrounding vascular network, as 
well as knowledge of the intrinsic mechanisms that generate flow 
compensation without medical intervention.
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Abstract
Objective: To incorporate chronic vascular adaptations into a mathematical model of 
the rat hindlimb to simulate flow restoration following total occlusion of the femoral 
artery.
Methods: A vascular wall mechanics model is used to simulate acute and chronic vas-
cular adaptations in the collateral arteries and collateral-dependent arterioles of the 
rat hindlimb. On an acute timeframe, the vascular tone of collateral arteries and distal 
arterioles is determined by responses to pressure, shear stress, and metabolic de-
mand. On a chronic timeframe, sustained dilation of arteries and arterioles induces 
outward vessel remodeling represented by increased passive vessel diameter (arte-
riogenesis), and low venous oxygen saturation levels induce the growth of new capil-
laries represented by increased capillary number (angiogenesis).
Results: The model predicts that flow compensation to an occlusion is enhanced pri-
marily by arteriogenesis of the collateral arteries on a chronic time frame. Blood flow 
autoregulation is predicted to be disrupted and to occur for higher pressure values 
following femoral arterial occlusion.
Conclusions: Structural adaptation of the vasculature allows for increased blood flow 
to the collateral-dependent region after occlusion. Although flow is still below pre-
occlusion levels, model predictions indicate that interventions which enhance collat-
eral arteriogenesis would have the greatest potential for restoring flow.
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Collateral vessels are key players in flow compensation following 
a major arterial occlusion since they form redundant pathways that 
can redirect flow to circumnavigate the site of occlusion. When a 
major artery is occluded, blood pressure distal to the occlusion de-
creases significantly, leading to a pressure gradient across the collat-
eral arteries that induces flow toward dependent tissue regions.3 In 
the first week following ligation of the rat femoral artery, Unthank 
et al.4 showed a profound impact on flow due to changes in the col-
lateral resistance rather than the distal microcirculation.

The primary long-term adaptations that occur in response to 
ischemia are the remodeling and growth of arteries (arteriogenesis) 
and the growth of new capillaries (angiogenesis). Following femoral 
artery ligation in the rat hindlimb, Ziegler et al.5 found that resting 
perfusion continued to improve for seven days post-occlusion and 
then plateaued at 65% of normal flow. Perfusion responses were 
studied immediately after acute occlusion of the femoral artery 
and 2 weeks after permanent femoral artery ligation. Greater per-
fusion deficits occurred with increased metabolic demand in both 
cases. However, the deficits were smaller for the case of femoral 
ligation, indicating improved compensatory responses on a chronic 
time scale. Twenty-one days after femoral artery ligation in mice, 
Chalothorn et al.6 reported a 143% increase in the lumen diameters 
of collateral vessels and an 86% increase in gastrocnemius capillary 
density. Herzog et al.7 observed that collateral vessels approxi-
mately doubled in diameter within 7 days of femoral artery occlu-
sion in rats. Similarly, Prior et al.8 observed structural enlargement 
of collateral vessels and increased flow through them. Their study 
concluded that a combination of structural and functional changes 
accounted for this enhanced flow, but it did not indicate the primary 
mechanisms generating such changes. The effects of vascular tone 
and structural adaptation on the compensatory response to occlu-
sion have not been quantified, motivating the need for theoretical 
modeling.

Previous theoretical studies identified the primary role of col-
lateral vessels in flow compensation following major arterial occlu-
sion9 and simulated vascular responses to occlusion on an acute 
time frame.10 The study by Zhao et al.10 included a mechanistic de-
scription of flow regulation but did not allow for structural adapta-
tion, and thus blood flow compensation was limited. Pries et al.11,12 
developed a theoretical model to predict structural adaptation in 
the non-occluded rat mesentery. The model by Pries et al.11,12 was 
adapted by Gruionu et al.13 to investigate the effectiveness of ar-
terial arcades in maintaining perfusion after arterial obstruction. 
The model predicted that the adaptation of arteriolar arcades into 
collateral flow pathways restored perfusion to 78% of normal flow, 
but the model did not consider vascular adaptations downstream of 
the collateral. A similar model was used to track structural changes 
in the diameter of the mouse gracilis artery after resection of one 
of its blood supplies and was extended to include the time-delayed 
effects of hypoxia and inflammation.14 Although these models ex-
plored the mechanisms behind structural adaptation, the simu-
lated diameters were assumed to be under conditions of maximal 

vasodilation and no vascular tone. Further modeling is needed to de-
termine the relationship between vessel tone and structural adapta-
tion and to study whether adaptations of distal vessels can enhance 
flow compensation.

Theoretical models have also been developed to simulate angio-
genesis and its effects on oxygen delivery to tissue. Ji et al.15 mod-
eled both sprouting and splitting forms of angiogenesis to assess 
their impact on tissue hypoxia under conditions of high metabolic 
demand. Liu et al.16 developed a multiscale model of activity-induced 
angiogenesis in rat skeletal muscle by combining models of blood 
flow, oxygen transport, and VEGF reaction-diffusion with an agent-
based model of endothelial cells forming capillary sprouts. However, 
neither model considered the effects of angiogenesis following a 
major arterial occlusion.

Secomb et al.17 conducted theoretical simulations combining an-
giogenesis and structural adaptation to describe patterns of vascu-
lar network formation in the rat mesentery. Coupling angiogenesis, 
structural adaptation, and pruning17 within a single model yielded 
outcomes consistent with experimentally observed networks. Such 
modeling success suggests that an accurate depiction of long-term 
vascular responses to major arterial occlusion should combine struc-
tural adaptation and angiogenesis.

The present study couples an existing model of acute responses 
to femoral arterial occlusion in the rat hindlimb10 with new model 
components accounting for the chronic responses of arteriogenesis 
and angiogenesis. The acute model is based on changes in vascular 
smooth muscle tone in response to local stimuli. Sustained vasodi-
lation is assumed to lead to structural enlargement of the vessels 
(ie, arteriogenesis), and low levels of oxygenation in regions distal to 
the occlusion trigger an increase in capillary number (ie, angiogen-
esis). Incorporating vasomotor tone and structural adaptation in a 
single mathematical model allows for a more complete theoretical 
representation of changes in the vascular network following occlu-
sion. Consistent with experimental observations, the model predicts 
that blood flow compensation in the region distal to occlusion is en-
hanced on the chronic time frame and that blood flow autoregula-
tion is severely disrupted by arterial occlusion. Model predictions 
show that long-term responses ameliorate the disruption in tissue 
perfusion and autoregulation but do not fully restore the system to 
non-occluded flow levels.

2  |  MATERIAL S AND METHODS

In this study, a mathematical model is developed to predict the 
effect of acute and chronic vascular responses on flow to the rat 
hindlimb following a complete occlusion of the femoral artery. The 
vasculature of the rat hindlimb is modeled as an electrical circuit, 
in which compartments of vessels are represented by resistors, as 
depicted in Figure 1. Each resistor consists of a set of identical ves-
sels (ie, same length and diameter) arranged in parallel. The closed 
black points in Figure  1 indicate the beginning and end of each 
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vessel compartment; pressure values are tracked at each of these 
points. The principles governing the flow of blood through the vas-
cular network are analogous to Ohm's Law, which governs the flow 
of current in an electrical circuit. In particular, blood flow through 
vessels is proportional to the pressure drop along the vessel. Flow is 
conserved at each branch point, analogous to Kirchoff's laws. Flow 
enters the rat hindlimb through the central iliac artery (CIA), which 
divides into the external and femoral arteries (EF) along the top 
branch of the circuit and the internal iliac artery (IIA) along the bot-
tom branch. A collateral artery compartment (COL) connects these 
two parallel branches of the circuit. In the absence of an occlusion, 
the EF branch primarily supplies blood to the calf region (Rcalf) and 
the IIA primarily supplies flow to the thigh region (Rthigh). In the case 
of femoral arterial occlusion (red X in Figure 1), blood flow to the calf 
is dependent on flow through the collateral arteries, and thus the 
calf is termed the collateral-dependent region. The microcirculation 
of the calf is defined using five vessel compartments: large arteri-
oles (LA), small arterioles (SA), capillaries (C), small venules (SV), and 
large venules (LV).

Figure 1 also provides a brief summary of which vessel compart-
ments are affected by acute and/or chronic vascular responses in 
the mathematical model. The model includes vessel responses on an 
acute time frame to changes in pressure (myogenic response), flow 
(shear response), and oxygen saturation (metabolic response). These 
acute responses affect the diameters and vascular smooth muscle 
tone (activation) of the COL, LA, and SA compartments (indicated 
by red boxes in Figure  1). Two main types of chronic vascular re-
sponses are included in the model: structural enlargement of vessels 
(defined here as arteriogenesis; solid blue boxes in Figure 1) and new 
capillary growth (defined here as angiogenesis; dashed blue boxes 
in Figure 1).

2.1  |  Model equations

2.1.1  |  Acute response

A vessel wall mechanics model established previously10,18,19 is 
adapted in this study to include both acute and chronic responses 
to a major arterial occlusion. Vessel constriction and dilation in the 
COL, LA, and SA are regulated by the degree of smooth muscle tone. 
These interactions are represented by differential equations for 
acute diameter (Dacute) and smooth muscle activation (A),

where �d = 1 s and �a = 60 s are diameter and activation time con-
stants, Dc and Tc are the control values of diameter and tension, respec-
tively (see control state section), and i = LA, SA, COL is the index that 
indicates the three vasoactive vessel compartments: large arterioles, 
small arterioles, and the collateral artery, respectively.

Total tension in a compartment is determined by the sum of pas-
sive tension and active tension (which is the product of smooth mus-
cle activation and maximally active tension):

Passive tension is modeled as an exponential function of vessel diam-
eter, and maximally active tension is modeled as a Gaussian function, 
as in18:

(1)

dDacute, i

dt
=

1

�d

Dc,i
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(
Ti−Ttotal, i

)
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1
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,

(2)Ttotal, i = Tpass, i + AiT
max
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(
C�
pass, i

(
Dacute, i
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− 1

))
.

F I G U R E  1 Circuit diagram of the 
rat hindlimb vasculature showing the 
location of nodes at which pressures are 
calculated and of resistors that represent 
compartments of each vessel type. The 
red X denotes the site of occlusion at 
the femoral artery, and green arrows 
depict the direction of flow through 
the collateral pathway. Compartments 
outlined in red are affected by acute 
responses, and compartments outlined 
in blue are affected by chronic responses 
(solid indicates arteriogenesis and 
dashed indicates angiogenesis). All other 
compartments are modeled using fixed 
resistances. A listing of the acute and 
chronic responses is also included below 
the circuit diagram
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Parameters values for Cpass,i, C′
pass,i

, Cact,i, C′
act,i

, and C′′
act,i

 in the COL, LA, 
and SA are taken from.10D0,chronic,i represents the passive diameter of 
the vessels under conditions of no smooth muscle tone and a pressure 
of 100 mmHg.

Total activation is a sigmoidal function of a stimulus for tone 
(Stone), which is a linear combination of myogenic, shear, and meta-
bolic responses:

Cmyo,i, Cshear,i, and Cmeta,i quantify the sensitivities of tone to the 
myogenic, shear, and metabolic responses, respectively, and C′′

tone,i
 

accounts for other vascular responses and is determined by the con-
trol state assumptions (see Section 2.2); the values for these param-
eters are taken directly from Zhao et al.10 All vessel wall mechanics 
model parameters are provided in Table 1.

The myogenic response is determined by circumferential wall 
tension Ti =

PiDi

2
 (Law of Laplace), where Pi is the pressure drop across 

the vessel wall and is equal to the intravascular pressure since the 
surrounding extravascular pressure is assumed negligible. The shear 
response is determined by the wall shear stress � i =

32�iQi

�D3
i

, where Qi 

is blood flow through the vessel and �i is the diameter-dependent 
viscosity calculated as in.20

The metabolic response depends on a conducted response (elec-
trical) signal (SCR,i) that is generated in the vessels according to the 
oxygen-dependent release of ATP (denoted by C and described in 
Equation 10) and conducted upstream along the vessel walls. The 
signal is assumed to decay exponentially in the upstream direction 
with a length constant of 1 cm. As in,10 the total signal (SCR,i) at the 
midpoint of each compartment (xi) is given by the integral (sum) of 
ATP concentration multiplied by an exponential decay term:

When the signal reaches the branch bifurcation at Pdistal (Figure 1), de-
noted by xbif in Equation 7, the total signal is assumed to split evenly 
between the COL and the EF branches in both the occluded and non-
occluded cases. Since the signal travels along the vessel wall, the lack 
of blood flow through the EF in the occluded case is assumed not to 
limit the splitting of the signal at the bifurcation point. Additionally, 
assessments using a diameter-dependent splitting rule showed that 

the model results do not depend significantly on this choice. Since the 
exact mechanism of signal splitting at bifurcations is unknown, an even 
split was assumed in this model. The signal in the COL is given by the 
sum of two integrals over different domains: (1) the signal from the calf 
multiplied by 0.5 to discount the half that goes to the EF and (2) the 
signal generated in the COL from xbif to the given point xi.

The delivery of oxygen to tissue is described using a Krogh cyl-
inder model. In the Krogh model, each vessel runs along the central 
axis of a tissue cylinder and supplies only that tissue.21 The total 
volume (V) of the vessels and their surrounding tissue cylinders is 
given by:

where ni is the number of vessels in the compartment, Li denotes the 
vessel length, ri is the radius of the vessel, and d is the width of the 
tissue cylinders. Tissue width is not included in the SV and LV terms 
since oxygen exchange in the venules is neglected. No oxygen con-
sumption is assumed in the COL compartment, and, regardless, the 
COL compartment is not included in Equation 8 since it is not located 
in the calf microcirculation. In the control state (see Section 2.2), the 
width of tissue cylinders is obtained from the relationship N =

nCLC

V
, 

where capillary density N = 500/mm2. In model simulations, the total 
volume is conserved despite increases in vessel diameter or capillary 
number.

Oxygen saturation (S (x)) is obtained by equating the oxygen flux 
through a single vessel cross section with the rate of oxygen con-
sumption per vessel length (q)

where c0 is the oxygen carrying capacity of red blood cells at 100% 
saturation and HD is the discharge hematocrit.19 Oxygen consumption 
per unit vessel length is defined as q = ∫ ri+d

ri
M02�r dr, where M0 is the 

(constant) level of oxygen demand in the tissue.
ATP concentration (C (x)) at position x is obtained using:

The first term on the right-hand side represents ATP release by red 
blood cells, where HT is tube hematocrit and R

[
S (x)

]
 is the release rate 

of ATP. The release of ATP is a function of oxygen saturation since it 
has been observed that ATP is released at a greater rate under hypoxic 
conditions.22 A linear fit for the oxygen saturation (S (x)) dependent 
release of ATP from19 and10 is used here.

In the second term of the right side of Equation 10, kd is the ATP deg-
radation rate constant. The rate of ATP degradation is proportional to 
the difference of the ATP concentration at a given point and a back-
ground level of ATP 

(
Cback

)
 assumed present in vessels under normoxic 
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conditions. Parameter values in the calculations for oxygen saturation 
and ATP concentration are taken directly from10 and are provided in 
Table 2.

2.1.2  |  Chronic response: Arteriogenesis

Sustained dilation of the collateral artery and arterioles due to major 
arterial occlusion is assumed to trigger structural adaptation of 
these vessels.23–25 In the model, structural enlargement is assumed 
to occur on a chronic time scale and is represented by the chronic di-
ameter variable 

(
Dchronic,i

)
. Changes in the chronic diameter 

(
Dchronic,i

)
 

are given by

where k0 is the time scale governing chronic vessel diameter 
dynamics.

As vessels undergo structural adaptation in the form of outward 
remodeling, the passive diameter of the vessels is also assumed to 
increase. Here, passive diameters are modeled as a saturating func-
tion of the slow-changing, chronic diameter (Dchronic,i)

(12)dDchronic,i

dt
= k0

(
Dacute,i − Dchronic,i

)
,

TA B L E  1 Parameter values for vessel wall mechanics model

Parameter COL LA SA

Cpass, dyn/cm 1773.1 933.1 403.8

C′
pass

8.293 8.293 10.88

Cact, dyn/cm 2075.19 1596.3 564.7

C′
act

0.7484 0.6804 0.7373

C′′
act

0.2905 0.2905 0.3665

Cmyo, cm/dyn 0.0101 0.0101 0.0226

Cshear, cm2/dyn 0.0258 0.0258 0.0258

Cmeta, 1/μM/cm 30 30 30

D0, μm 266.03 140.00 60.59

C′′
tone

4.783 13.31 19.39

Description Parameter Value Unit

Oxygen capacity of RBCs c0 0.5 cm3 O2/cm3

Discharge hematocrit HD 0.4

Oxygen demand M0 1–20 cm3 O2/100 cm3/min

Tube hematocrit HT 0.3

Rate of ATP degradation kd 2 × 10−4 cm/s

Background level of ATP Cback 0.5 μM

Initial saturation S (0) 0.97

Initial ATP concentration C (0) 0.5 μM

Maximal rate of ATP release R0 1.234 nmol/cm3/s

Effect of S (x) on ATP release R1 1.026

Length constant for SCR L0 1 cm

Endpoint for SCR xend 6.016 cm

Bifurcation point for SCR xbif 2 cm

COL midpoint xCOL 1 cm

LA midpoint xLA 2.571 cm

SA midpoint xSA 3.542 cm

Time constant for acute 
diameter

�d 1 s

Time constant for activation �a 60 s

Time constant for chronic 
diameter

k0 2.2 × 10−6 s

Growth rate of passive 
diameter

� 1.3

COL D0, chronic growth constant �COL 42.31 µm

LA D0, chronic growth constant �LA 19.94 µm

SA D0, chronic growth constant �SA 6.498 µm

Rate of angiogenesis kN 9 × 10−6 s

Maximum number of 
capillaries

Nmax 2.9 × 106 capillaries

Critical oxygen saturation Scrit 0.33

TA B L E  2 Parameter values for oxygen 
transport, ATP release, conducted 
response, and differential equations
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where D0,i is the constant parameter value of passive diameter in the 
COL, LA, and SA used in the acute model.10 Assuming control state val-
ues of oxygen demand and arterial pressure (see Section 2.2), the value 
� = 1.3 is chosen to yield a maximum passive collateral diameter of 
~300 µm following occlusion.7�i is chosen so that D0,chronic,i (0) = D0,i.

2.1.3  |  Chronic response: Angiogenesis

Angiogenesis is assumed to depend on the oxygen saturation at the 
end of the capillary compartment (Scap,end). When oxygen saturation 
drops below a critical level 

(
Scrit

)
, the number of capillaries increases 

according to:

where kN is a constant that governs the rate of angiogenesis. The term (
1 −

N

Nmax

)
 limits the growth of new capillaries as total number of cap-

illaries (N) approaches its maximum (Nmax). The maximum number of 
capillaries is chosen to be 1.7 times the number present in the con-
trol state since Jacobi et al.26 observed around a 70% increase in the 
capillary density after femoral artery ligation and Chalothorn et al.27 
measured a 71% increase in capillary density three weeks after femoral 
ligation. In a computational study of VEGF gradients in PAD, Ji et al.28 
modeled the secretion of VEGF as a piecewise function of PO2, assum-
ing that VEGF was secreted at a basal rate under well-oxygenated con-
ditions but that VEGF secretion increased once PO2 dropped below 
20 mmHg. Although VEGF is not explicitly modeled here, the critical 
oxygen saturation triggering angiogenesis is defined as Scrit  =  0.33, 
which corresponds to a PO2 of 20 mmHg. Parameter values for the wall 
mechanics model are given in Table 2; shaded rows show parameters 
taken from the acute model in10 and non-shaded rows are parameters 
added for the chronic portion of the model.

2.2  |  Control state and model simulations

A control (reference) state is defined to represent vascular condi-
tions at a moderate activity level (M0 = 8.28 cm3 O2/100 cm3/min) 
and no occlusion. The control state value of the Krogh tissue cylin-
der width is 17.5 μm. Pressure entering the network from the aorta 
(Pa) is set to 140 mmHg in the control state, which corresponds to 
the mean arterial pressure in rats measured by Ziegler et al.5 Venous 
pressure at the end of the calf (Pv) is assumed to be zero. As defined 
in9 and,10P1 = 0.96Pa, Pdistal = 0.90Pa, and P2 = 0.93Pa. P3 and P4 are 
chosen to be 75% and 28% of femoral pressure, respectively, based 
on pressure values in pre-capillary arterioles reported by Bohlen 
et al.29

The diameter of the CIA is set to 1109 μm based on the average 
of reported measurements,30–32 and the diameters of the IIA and 
EF compartment are assumed to be 511 and 550 μm, respectively. 
Capillary diameter is assumed to be 8  μm. The assumed constant 
diameter and pressure drop along the CIA leads to a prescribed in-
coming flux for the system in the control state.

Control state activation is assumed to be 50% (A = 0.5) in the LA 
and SA and 99% (A = 0.99) in the collateral since there is little to no 
flow through collateral arteries in the absence of occlusion. C′′

tone
 is 

chosen to satisfy the condition that A = 0.5 (LA, SA) and 0.99 (COL) 
in the control state. Given these assumptions, Equation 1 is reduced 
to a decoupled system of three equations that are solved for the 
control state values of DCOL, DLA, and DSA.

As in,10,19 symmetry of vessel number and length in correspond-
ing arteriolar and venular compartments of the calf microcirculation 
is assumed: nLA = nLV, nSA = nSV, LLA = LLV, and LSA = LSV. The symme-
try assumption allows for the calculation of DLV and DSV:

where diameter-dependent viscosities of blood in the COL, LA, SA, 
and C compartments are calculated using empirically based relation-
ships defined by Pries et al.20. Viscosities are held fixed at their con-
trol state values in all model simulations. Wall shear stress values are 
assumed to be �LA = �SA = �C = 55 dyn/cm2 and �LV = �SV = 10 dyn/
cm2.10,19 The control state value of shear stress in the collateral is cal-
culated as τCOL = 9.87 dyn/cm2.

Blood flow (Q) through the vessels in the LA, SA, and C com-
partments is calculated from � = 32�Q∕�D3. To obtain an equal 
flow split to the calf and thigh as observed experimentally,8,33 the 
number of capillaries in the calf region is set to nc = 1.7 × 106. The 
total blood flow in the calf is given by ncQc, and the numbers of 
large and small arterioles are determined using flow conservation: 
ncQc = nSAQSA = nLAQLA. The CIA, IIA, EF, and COL compartments 
are assumed to each contain only one vessel.

Equating the lengths of symmetric compartments,19 the pressure 
drop across the LV is calculated as:

and similarly for ΔPSV. These pressure drop values are used to calculate 
P5 and P6. The lengths of the CIA and collateral are assumed to be 7 and 
2 cm, respectively. The remaining vessel lengths are calculated using 
Poiseuille's Law. A listing of all control state values is in.10

Vascular network dynamics in response to varying activity levels 
(oxygen demand) and incoming pressures (Pa) are simulated in both 
non-occluded and occluded conditions. To simulate a complete oc-
clusion of the femoral artery, the diameter of the EF compartment is 
set to zero, causing its resistance to be effectively infinite. As a re-
sult, there is no blood flow through the EF branch and flow reaching 
the calf is solely supplied by the collateral vessel.

(13)D0,chronic,i (t) =
�D0,iDchronic,i (t)

�i + Dchronic,i (t)
,

(14)dN

dt
= kN

(
1 −

N

Nmax

)
max

(
Scrit − Scap,end, 0

)
N, (15)DLV =

(
�LV�LA

�LA�LV

) 1

3

DLA;DSV =

(
�SV�SA

�SA�SV

) 1

3

DSA,

(16)ΔPLV =

(
�LA

�LV

) 1

3
(
�LV

�LA

) 4

3

ΔPLA,
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3  |  RESULTS

Figure  2  shows the model-predicted values for acute diameter, 
chronic diameter, and activation of the collateral, LA and SA in 
both the occluded and non-occluded cases for a moderate value 
of oxygen demand (M0 = 8.28 cm3 O2/100 cm3/min). As expected, 
the steady-state diameter following occlusion (blue) is much higher 
than in the non-occluded (ie, control) state (black). In the collateral 
artery, activation approaches zero, indicating complete vasodila-
tion (acute response); arteriolar enlargement due to structural ad-
aptation (chronic response) is also predicted. In the LA and SA, a 
non-monotonic trend in activation levels with time leads to a low 
but nonzero activation, indicating that the natural compensatory 
response does not require complete dilation of all resistance ves-
sels in the long run.

Changes in total calf blood flow for 30 days post-occlusion are 
depicted in Figure 3, assuming a moderate value of oxygen demand 
(M0 = 8.28 cm3 O2/100 cm3/min). Model predictions are compared 
with experimental data from studies of femoral artery occlusion in 
the rat.8,33–40 The red dashed curve (labeled “Acute only”) represents 
the effects of only the acute responses (ie, changes in activation due 
to pressure, shear stress, and metabolic responses while assuming 
a constant value for the chronic and passive diameters of the ves-
sels). The blue curve (labeled “Full”) depicts the level of flow restored 
when including both acute responses and chronic responses (arterio-
genesis and angiogenesis). The responses are shown on an acute time 
frame in panel B. Following a significant drop in calf blood flow due 
to occlusion, the responses are very rapid (on the order of minutes) 
but are limited in their ability to restore flow. The amount of flow 
attained with acute responses only and the full model are practically 

F I G U R E  2 Changes in chronic diameters (A, B, C), acute diameters (D, E, F), and activation (G, H, I) in the collateral artery (first column), 
large arterioles (second column), and small arterioles (third column) in occluded (blue) and non-occluded (black) states for a moderate value 
of oxygen demand (M0 = 8.28 cm3 O2/100 cm3/min)
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identical during this time since it is too early for chronic responses 
to fully take effect. Figure 3A indicates that the coupling of acute 
and chronic responses allows for further flow compensation, even 
though flow is never fully restored to its non-occluded level.

Steady-state values of total calf blood flow for varying levels of 
oxygen demand are given in Figure 4A. The black curve represents 
flow in the non-occluded state. The remaining curves depict flow 
levels in the occluded state. The red curve shows the flow results 
when only acute responses are simulated. Green, magenta, and blue 
curves show predicted flows when angiogenesis, arteriogenesis, or 
both of these chronic responses are added to the acute response, 
respectively. The data points are taken from Ziegler et al.5 which 
measured femoral venous outflow in WKY rats during normal condi-
tions (black circles), acute clamping of the femoral artery (red circles), 
and chronic ligation for 2 weeks (blue circles). Electrical stimulation 
of the calf muscle was used to simulate increased activity levels,5 
corresponding to varied levels of oxygen demand. The frequencies 
of electrical stimulation were converted to approximate correspond-
ing levels of oxygen demand in cm3 O2/100 cm3/min as in.10

In the non-occluded case (black curve), the model predictions 
and experimental data indicate that blood flow increases to meet 
increasing levels of oxygen demand. However, following occlusion, 
calf blood flow fails to increase beyond a certain level despite fur-
ther increases in demand. If only acute responses are present (red 
curve), this maximum is reached for an oxygen demand of 4  cm3 
O2/100  cm3/min. Nearly an identical trend is observed with the 
addition of angiogenesis (green). In contrast, the addition of arte-
riogenesis (magenta) results in a more noticeable increase in flow 
and delays the value of oxygen demand at which flow reaches its 
maximum to 7 cm3 O2/100 cm3/min. Although minimal, the effect of 
angiogenesis is slightly greater when arteriogenesis is present than 
when it is absent. Regardless, in the presence of all acute and chronic 
responses, total calf blood flow remains below non-occluded levels, 
especially as oxygen demand is increased.

Figure 4B shows the predicted level of venous oxygen saturation 
as oxygen demand is increased from 1 to 20 cm3 O2/100 cm3/min 
with the same responses isolated as in panel A. The dashed horizon-
tal line denotes the critical saturation below which angiogenesis is 

F I G U R E  3 (A) Ratio of occluded to non-occluded blood flow in the calf with only acute vascular responses (dashed red) and with the 
combination of acute and chronic responses (blue). Data points are taken from: * Yang et al.,33 • Paskins-Hurlburt and Hollenberg,35 x 
Brouwers et al.,36 □ Duan et al.,37 ◇ Hirata et al.,38 △ Duan et al.,39 ▽ Tang et al.,40 (B) A zoomed in version of panel (A) to depict the fast 
time scale of the acute response (order of minutes)

F I G U R E  4 (A) Total calf blood flow with varying levels of oxygen demand in non-occluded (black) and occluded cases given the following 
responses: acute responses only (red), angiogenesis with acute responses (green), arteriogenesis with acute responses (magenta), and 
all chronic responses combined with acute responses (blue). Data points are taken from Ziegler et al.5 and correspond to flow data with 
no occlusion (black circles), flow data following acute clamping of the femoral artery (red circles), and flow data from two weeks after 
chronic ligation of the femoral artery (blue circles). (B) Venous oxygen saturation as oxygen demand is varied. Non-occluded and occluded 
simulations are as in panel (B). The black dashed line indicates the critical saturation level (Scrit = 0.33) that triggers angiogenesis (see 
Equation 14)



    |  9 of 12ZHAO et al.

assumed to occur. In the non-occluded case, oxygen saturation stays 
above this critical level for all values of oxygen demand. Following 
occlusion, oxygen saturation falls below the critical level in all cases 
and approaches zero when only acute responses or acute responses 
combined with angiogenesis are assumed. The inclusion of arterio-
genesis prevents oxygen saturation from falling to zero for the val-
ues of oxygen demand considered.

The effects of occlusion on blood flow autoregulation are exam-
ined in Figure 5. In Figure 5A, the model-predicted values of total 
blood flow in the calf when varying arterial pressure are compared 
with experimental data from Paskins-Hurlburt and Hollenberg.35 
Autoregulation is a phenomenon in which flow remains relatively 
constant despite changes in intraluminal pressure. In the absence 
of autoregulation, flow would increase passively with pressure. In 
the non-occluded case (black curve), an autoregulation plateau is 
predicted for pressures of about 50–200 mmHg. This autoregula-
tion plateau is shifted dramatically following occlusion. In particular, 
a plateau is observed for pressures between 220 and 270 mmHg 
when only acute responses are present (red). The addition of chronic 
responses (blue) reduces this drastic shift in autoregulation to pres-
sures between 155 and 205 mmHg. For pressure ranges of length 
100 mmHg, an autoregulation ratio is defined for these three cases 
as the ratio of flow at the higher pressure (Q2) of the plateau to flow 
at the lower pressure of the plateau (Q1). In the non-occluded case, 
this ratio is approximately 1.25. In the occluded case, this ratio is 
increased to 5.72. However, these ratios return to about 1.25–1.29 
when accounting for the shift in the autoregulation curves to higher 
pressures following occlusion. Table 3 provides a summary of these 
autoregulation ratios for the cases depicted in Figure 5A.

Figure 5B–D depicts the steady-state diameters of the COL, LA, 
and SA as the incoming pressure to the system (Pa), is increased. In 
the non-occluded case (black curve), all three vessel diameters de-
crease over the range of pressures corresponding to the autoregu-
lation plateau. Following occlusion, LA and SA diameters constrict 
over the shifted autoregulation pressure range, but COL diameters 
are predicted to increase.

Figure 6 depicts the impact of the individual mechanisms under-
lying the acute response. Mechanisms are turned “off” by setting the 
corresponding component of Stone to its value in the control state 
and requiring it to remain at this value despite changes in local stim-
uli. In the non-occluded case (Figure 6A), the ability of the vascu-
lature to autoregulate is maintained if either the metabolic (green 
curve) or myogenic (blue) responses are active. As seen in,10 com-
bining the COL shear and LA and SA metabolic responses (gray) pro-
duces the same result as having only the metabolic response. If only 
the shear response in all compartments (magenta) or the metabolic 
response in the collateral (black) are activated, flow autoregulation 
is not predicted.

A similar trend is observed in Figure 6B for the occluded case. As 
in the non-occluded case, there is no autoregulation if just the shear 
responses (magenta) or the COL metabolic response (red) are pres-
ent. In the other occluded scenarios (blue, green, gray, black), the 
autoregulation curves shift significantly toward higher pressures. 
In some cases, small pressure ranges with sharp increases in blood 
flow are observed. The pressures at which these drastic changes 
occur depend upon the initial conditions, indicating that there are 
regions of bistability in these cases. If pressure is incrementally in-
creased from the control value (140 mmHg) instead of decreased 

F I G U R E  5 (A) Total blood flow in 
the calf (collateral-dependent region) as 
incoming arterial pressure (Pa) is increased 
with no occlusion (black), occlusion with 
acute responses only (red), and occlusion 
with acute and chronic responses (blue). 
Data points for non-occluded conditions 
are obtained from Paskins-Hurlburt 
and Hollenberg.35 (B–D). Steady-state 
diameters as incoming arterial pressure (Pa
) is varied in the collateral (panel B), large 
arteriole (panel C), and small arteriole 
(panel B), response colors as in panel A
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from 400 mmHg, these disruptions in the pressure-flow curve occur 
at higher pressure values (not shown).

4  |  DISCUSSION

The present study models compensatory responses to femoral arte-
rial occlusion in the rat hindlimb by coupling the chronic processes of 
angiogenesis and arteriogenesis to a model of acute responses which 
regulate smooth muscle tone. The model results show that resistance 
vessels fully dilate on acute time scales but exhibit nonzero activa-
tion on a chronic time scale; the collateral artery, however, increases 
in diameter on both acute and chronic time frames and remains fully 
dilated. Although the arterioles have the potential to dilate further, an 
intervention that induces total dilation of the arterioles is unlikely to 
have a significant impact on total blood flow to the calf since the in-
coming flux to the calf is determined by the flow through the collateral.

The model also reveals that arteriogenesis, not angiogenesis, is 
primarily responsible for the improvements in calf blood flow ob-
served with the addition of chronic responses. Coupling angiogen-
esis with arteriogenesis provides only a small improvement over 
arteriogenesis. Arteriogenesis is likely more effective in enhancing 
blood flow and oxygen saturation because it allows larger vessels 
to attain higher diameters and thus significantly decreases vas-
cular resistance. In addition, arteriogenesis affects the collateral, 
which is the upstream vessel responsible for redirecting blood flow 
to the calf after occlusion. Meanwhile, by adding vessels to the 

capillary compartment, angiogenesis only slightly lowers the overall 
resistance.

When only acute responses to occlusion are considered, blood 
flow compensation quickly attains a maximum because the COL, 
LA, and SA all dilate completely. With the addition of chronic re-
sponses, blood flow continues to increase, although it plateaus be-
fore 30 days. This observation indicates that while angiogenesis and 
arteriogenesis are important components of flow compensation, 
they are not sufficient to restore flow to non-occluded levels, sug-
gesting the need for additional intervention. Exercise training has 
been shown to enhance the structural enlargement of collateral ves-
sels after femoral artery occlusion in rats8 and could potentially pro-
vide the additional stimulus needed to bring flow to healthy levels. 
However, the effects of exercise training were not modeled in the 
present study.

Arterial occlusion also induces changes in the vasculature that 
cause the autoregulatory range of pressures to shift to significantly 
higher values. This shift in the autoregulation range immediately 
after occlusion may be difficult to observe in experiment since the 
range of 250–350 mmHg is much higher than normal physiologi-
cal arterial pressures. The inclusion of chronic responses works to 
bring the autoregulatory pressure range closer to the non-occluded 
range, which is consistent with the study by Paskins-Hurlburt and 
Hollenberg that showed that the pressure-flow relationship of col-
lateral vessels becomes closer to normal after longer periods of time 
post-occlusion.35

The dependence of the autoregulation curves on the history of 
the system (see bistability discussion for Figure 6B) indicates that 
responses to occlusion may depend on the previous health and con-
ditions of the vasculature. In the non-occluded case, the addition 
of the shear response in the collateral compartment has little to no 
effect on autoregulation. After occlusion, the inclusion of the shear 
response in the collateral compartment is necessary whereas the 
metabolic response in the collateral does not impact the ability to 
autoregulate. Although the shear response in the collateral is insig-
nificant in the non-occluded case, the increase in collateral blood 
flow and the resulting shear response is an essential component of 
flow compensation following occlusion.

TA B L E  3 Ordered pairs of arterial pressure (mmHg) and the 
corresponding total calf blood flow (ml/min). The autoregulation 
ratio in the third column is obtained by dividing flow at the second 
point (Pa2, Q2) by flow at the first point (Pa1, Q1)

Case (Pa1, Q1) (Pa2, Q2) Ratio Q2

Q1

Non-occluded (50, 3.587) (150, 4.468) 1.2456

Occluded, acute (50, 0.373) (150, 2.133) 5.7185

(220, 3.602) (320, 4.504) 1.2504

Occluded, full (50, 0.5916) (150, 3.443) 5.8198

(155, 3.532) (255, 4.543) 1.2862

F I G U R E  6 Total calf blood flow for 
varying levels of incoming pressure (Pa) 
as different acute response mechanisms 
are switched on or off. Data points 
(black circles) are obtained for the non-
occluded case from Paskins-Hurlburt and 
Hollenberg.35 (A) Non-occluded case. (B) 
Occluded case
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As with any mathematical model, simplifying assumptions were 
made in this study to model both acute and chronic responses in the 
vascular network after femoral arterial occlusion. Vessels within a 
single compartment are assumed identical even though, in reality, 
vessels of the same type may vary in length and tortuosity. In addi-
tion, the conducted metabolic signal in this study was based on the 
release of ATP by red blood cells, although a wall-derived conducted 
response signal independent of red blood cells has also been shown 
in other models to lead to improved oxygen transport predictions in 
heterogeneous networks which have unequal partitioning of hema-
tocrit at bifurcations.41 However, since the present vascular network 
is homogeneous, use of an ATP-derived signal is justified. Additional 
mechanisms besides pressure, shear stress, and metabolic demand 
may contribute to the modulation of vascular tone, such as the ef-
fects of the nervous system on smooth muscle tone,42 but these 
were not explicitly modeled here. The chronic responses in the 
model are not fully mechanistic; arteriogenesis is assumed to occur 
due to sustained vasodilation, and angiogenesis depends directly on 
oxygen saturation levels. These assumptions are reasonable since 
the mechanisms that lead to structural enlargement are thought to 
be similar to those that induce vasodilation,23–25 and factors driv-
ing angiogenesis, such as vascular endothelial growth factor (VEGF), 
are released in response to hypoxia.43,44 Incorporating more specific 
mechanisms into the equations for arteriogenesis and angiogenesis 
is a goal of future modeling work.

Simulations of both the acute and chronic time frames used a 
constant value of oxygen demand (M0). The physiological interpreta-
tion of oxygen demand in the acute case is the activity level, which 
ranges from rest (low oxygen demand) to intense exercise (high 
demand). However, this is more difficult to interpret in the chronic 
case because individuals typically do not remain at a constant ac-
tivity level for long periods of time. Nevertheless, the model pre-
dictions for high oxygen demand values are useful in predicting an 
upper bound of blood flow levels attained when coupling acute and 
chronic responses. Following occlusion, chronic responses are pre-
dicted to restore the vasculature closer to its healthy, non-occluded 
state primarily due to the predominant effects of collateral arterio-
genesis. As a result, treatments for PAD that augment the structural 
enlargement of collateral vessels may be more beneficial than those 
that promote angiogenesis.

5  |  PERSPEC TIVES

The model suggests that arteriogenesis is primarily responsible for 
the improvements in blood flow compensation observed with the 
addition of chronic responses, and that the role of angiogenesis is 
minimal in comparison. Furthermore, the model predicts that in ad-
dition to reducing blood flow to the distal region, arterial occlusion 
also impairs vessel autoregulation in this region. Therefore, effective 
treatments for PAD should promote collateral arteriogenesis with 
the goal of restoring both normal blood flow levels and autoregula-
tory abilities.
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